length scales traditionally considered in theoretical treatments of salty polyelectrolyte solutions. One is the Bjerrum length l B , which sets the length scale for the strength of the Coulomb interaction at a particular temperature T in a specific solvent of dielectric constant ǫ, given by
where e is the electron charge, ǫ 0 is the vacuum dielectric constant, and k B is the Boltzmann constant. The other one is the Debye screening length κ −1 , which sets the length scale for screening due to dissociated ions, given by 2) where the sum is over all species (i) of mobile ions of valency Z i and concentration c i . In addition to the above two, a third length scale can be conceived 1 relating to the dielectric heterogeneity, which accounts for the difference in the dielectric constant in the vicinity of the chains and in the bulk solvent. In this paper, we consider these three length scales to theoretically determine the effective charge and conformation of a single isolated polyelectrolyte chain in the presence of divalent salts.
The typical non-monotonic dependence of the average conformation of flexible polyelectrolyte chains on temperature is now well-known. At very high temperatures, the chains in dilute salt-free solutions are in their athermal states with self-avoiding-walk (SAW) statistics. Although the chains are fully charged at these conditions, the electrostatic repulsion among monomers remains negligible compared to thermal fluctuations. As the temperature decreases, electrostatics becomes progressively important and the chains expand due to inter-monomer repulsion even beyond the excluded-volume swelling. At even lower temperatures, counterions condense on the chains sufficiently reducing the net polymer charge, and consequently the chains contract again. The presence of small-molecular monovalent salts has long been known to enhance this condensation effect, and the resulting collapse occurs at higher temperatures. Monovalent salts, however, collapse polyelectrolytes at temperatures that are still typically way below modest temperatures ( e. g., room temperature for aqueous solutions). Presence of divalent (or multivalent) salts, however, induces a drastic qualitative change in polyelectrolyte behaviors. A modest number of divalent counterions in water can effectively neutralize and collapse polyelectrolytes at room temperatures. Further, addition of a higher amount of divalent salt can even reverse the charge on the polymer (the phenomenon known as overcharging or charge inversion or charge reversal) at certain physical conditions.
The condensation of counterions on flexible polyelectrolyte chains has traditionally been covered in the Manning model 2 originally designed for infinitesimally thin and infinitely long rod-like molecules. However, Manning's argument has been found inadequate 1 for flexible polyelectrolytes, particularly for complex systems with multivalent ions. Flexibility allows significant bending of molecules due to charge compensation at lower temperatures, allowing substantial changes in the conformational entropy of the polymer. Manning's assumption that the discrete nature of the charged groups has a secondary effect becomes entirely invalid for multivalent ions. It is precisely this discreteness that is found responsible for complete charge compensation (and resulting contraction of polyelectrolytes) and subsequent overcharging at modest temperatures by multivalent salt counterions. This overcharging behavior is unexplainable within the Poisson-Boltzman formalism which considers a continuum description of the charge density. In order to address precipitation of chains for high counterion valence, initial theories 3 considered translational free energy of polyions and salt ions alongwith screened Coulomb interaction between charges. With prefixed values of the excluded volume exponent ν (i.e., prefixed radius of gyration, R g ), the free energy was minimized in terms of counterion species, and the correlated multivalent ions were shown 4 to induce attraction between monomers (through ion-'bridging') capable of collapsing a chain.
Redissolution of chains was also observed at higher (multivalent) salt concentrations, but it was explained by a reduced bridging force due to electrostatic screening (as opposed to overcharging). Later, unscreened Coulomb interaction within condensed ion-pairs was first addressed 5 without considering the chain entropy, and the theory predicted dependencies of the degree of ionization, f , (which is the total effective charge density of polyelectrolytes after accounting for the condensed ions) on temperature and salt concentrations to be similar to Manning's argument. A two-state (rod-like and collapsed) model for condensation predicted 6 that chain collapse occurs when the total charge of multivalent cations equals to that of the ionizable groups of the polymer, implying the condensation of almost all added multivalent ions at modest temperatures. The two-state theory 6,7 treats the collapsed state at low temperatures as an amorphous ionic solid similar to simple electrolytes (say, NaCl), and, therefore, still ignores the chain entropy and bending-related reorganization of condensed charges at low temperatures.
Generic experiments 8, 9, 10, 11, 12, 13 and simulations 14 have shown that added cations with higher valence are more effective in compactifying a long DNA molecule (or a polyanion in general), and that implies a dominant electrostatic mechanism for polyelectrolyte collapse.
Within the purview of this concept, the issue of overcharging induced by the addition of multivalent salts was investigated theoretically for rodlike DNA 15, 16, 17 molecules. It was further noticed 18, 19 that there is a typical range in salt concentration, in which the shortranged attractions between monomers are effective due to the proximity of the isoelectric point (at which the average effective charge of the polymer is zero An effective two-parameter theory 32 considered the adsorption process of counterions and formation of mono and di-complexes between negatively charged monomers and divalent positively charged salt ions. The theory predicted charge neutralization and subsequent charge-reversal of the chain backbone at moderate concentrations of divalent salts.
The predictions, however, are limited to weak polyelectrolytes without consideration to the chain energy and hence chain configurations at various physical conditions. To address the chain entropy of flexible polyelectrolytes and its role in counterion distribution, Muthukumar developed 1 a continuum theory of counterion condensation as an adsorption process.
Condensation in this argument is facilitated at lower temperatures but, unlike in previous theories, is coupled with the configurational free energy of the polymer. The adsorption all classical results including the chain-collapse due to short-ranged dipole interactions at low temperatures 26, 27 . In addition to the length scales l B (Bjerrum length) and κ −1 (Debye length) in the charged system, the adsorption theory uses the concept of a dielectric mismatch parameter, δ, which captures the fact that the dielectric constant has much lower values near the chain backbone of a polyelectrolyte or protein than in the bulk 33, 34, 35 solvent.
In generic polyelectrolyte solutions, δ is the ratio of the bulk to local dielectric constants, and the range in which ǫ assumes its bulk value sets a new length scale. This mismatch in ǫ, if substantial, will create higher potential gradients that can electrostatically guide counterions toward oppositely charged monomers. The theory showed that this may significantly increase counterion condensation at modest temperatures leading to a lower effective charge and smaller size of the polyelectrolyte. Monovalent counterions, however, was shown not to be able to collapse a chain completely at modest temperatures (say, the room temperature at which l B ∼ 7Å in water).
In this paper, we extend Muthukumar's adsorption theory 1 to include divalent counterions. The basic concept still relies on the competition between the electrostatics of condensed ions and the entropy of free ions. The present model is intended to analyze the competitive displacement of monovalent counterions by divalent counterions when a salt-free dilute solution of flexible polyelectrolytes is mixed with a salt solution of divalent ions. As a specific example of this situation, we consider a single isolated polyelectrolyte (NaPSS) in a dilute solution (water) with monovalent counterions of its own but with no additional monovalent salt (NaCl) in general. We monitor the chain conformation and arrangement of condensed ions as functions of temperature, degree of dielectric mismatch, and concentration of divalent salt (BaCl 2 ). In addition to the condensation of monovalent and divalent counterions (Na + and Ba ++ , respectively), we also take into account the attachment of negative salt coions 
the radius of gyration of the chain. c s1 and c s2 are, respectively, the number concentrations of the added monovalent and divalent salts. Both types of salts are fully dissociated into n 1 monovalent counterions (Na + ), n 2 divalent counterions (Ba ++ ) and n 1 + 2n 2 negative coions (Cl − ). Therefore, c s1 = n 1+ /Ω and c s2 = n 2+ /Ω. The free energy of the system, consisting of the chain, condensed and mobile counterions, and the solution, would depend on four independent variables: M 1 , M 2 , M 3 , and R g . The theory 1 aims to evaluate M 1 , M 2 , M 3 , and R g self-consistently by calculating the free energy F of the system as a function of all these variables and electrostatic parameters. The equilibrium values of the four major variables are obtained by minimizing F simulatnously with respect to these variables. Therefore, this requires an extension of the previous theory of minimization with two variables to a theory with four variables.
As before 1 , the free energy F has six contributions F 1 , F 2 , F 3 , F 4 , F 5 , and F 6 related, respectively, to (i) entropy of mobility of the condensed counterions and coions on the poly- A. The free energy
To determine the entropic contribution from the condensed counterion and coions, we note that there are N monomers, M 1 condensed monovalent counterions (Na
condensed divalent counterions (Ba ++ ) with no negative coion (Cl − ') condensation, and M 3 ion-triplets ('monomer-Ba
with no ions condensed on them. Consequently, the partition function is
We define,
The above expression implies two obvious constraints:
To determine the translational entropy of the uncondensed ions which are distributed in the bulk volume Ω, we count as mobile ions:
, and n 1+ + 2n 2+ − M 3 monovalent negative coions (Cl − ). Therefore, the partition function related to the translational free energy in volume Ω would be
Relating numbers of ions and their concentrations is helpful. We note
With use of F 2 = −K B T ln Z 2 and after some calculations we arrive at
Here, the constraint would be
The free energy contribution from the correlations of all dissociated ions can be calculated in the electrostatic free energy
where the inverse Debye length κ is given by
This result is obtained from the Debye-Hückel (DH) theory and caution must be exercised to identify regimes where the DH theory is at best a gross approximation. Here, Z i is the valency of the dissociated ion of the i-th species. In this case [see the text before Eq. (2.5)],
Using the definitions from Eq. (2.6) we reach
To determine the electrostatic energy gain due to condensation of all sorts of ions (Na + , Ba ++ , and Cl − ), we recount different ion pairs and triplets which form after condensation.
On the polymer chain, there are α 1 N pairs of 'monomer(-1) and Na and monomer-divalent (Ba ++ ) ion pairs, but not to the divalent counterion-monovalent coion (Ba ++ -Cl − ) ion pair in the monomer-divalent counterion-monovalent coion triplet. In an ion pair, there are two ions involved with a fixed distance between them. For the triplet, however, there are three lengths involved (for example, Ba ++ -monomer, Ba ++ -Cl − and Cl − -monomer), and interpretation of δ is a bit tricky. We introduce a parameter δ 2 for the 'monomer-Ba ++ -Cl − ' triplet. δ 2 is expected to be less than 4δ (the value it would have assumed if there were two point charges, +2e and −2e, respectively), but the determination of its actual value would probably require a microscopic treatment. In principle, δ 2 would be a function of δ. For simplicity, we assume all ions and monomers to be of the same size, and determine δ 2 in what follows.
First of all, we write the electrostatic energy of condensation in terms of δ and δ 2 : pair, but not to the Ba ++ -Cl − pair (ǫ = ǫ water in that case), then δ 2 turns out to be
Those should be the lowest values for δ 2 . On the other hand, if ǫ l applies to both Ba ++ -monomer and Ba ++ -Cl − pairs, then
Those should be the highest values for δ 2 . In practice, δ 2 would be somewhere between these two limiting sets of values. We choose the dielectric constant to be ǫ l for the Ba ++ -monomer pair and (ǫ l + ǫ bulk )/2 for the Ba ++ -Cl − pair. Then, δ 2 turns out to be
Point worthy of note is that the repulsion between the monomer and the Cl − ion has been ignored; it would bring a very small correction in all three cases above. 
where L = Nl, R(s) is the position vector of the chain at arc length s, and w is the strenth parameter for all short-ranged hydrophobic or excluded volume effects. An effective expansion factor l 1 is defined as follows:
Here, R 2 is the mean square end-to-end distance, and l 1 effectively measures the swelling of the chain compared to a Gaussian chain. Assuming uniform, spherically symmertic expansion or contraction of the chain, and by extremizing the free energy we obtain Here,κ = κl. We further define two more dimensionless variables,ρ = ρl
where i stands for the ion species. The important factor f is our previously defined average degree of ionization and is given by
The justification of using the variational result as the polymer free energy has been discussed in the previous paper 1 . We assume that similar arguments are still valid for this work. Any other alternative function of average degree of ionization (f ) and radius of gyration (R g ) for monomer-Ba ++ pair would be simply treated as a +1 charge, although the pair will have additional dipole effects. These additional dipole or higher order multipole effects would be critical when the average charge of the chain is close to zero. It has been shown 1,26,27 that these ion-pair effects play a key role to collapse a chain in presence of monovalent counterions at very low temperatures (i.e, when the degree of ionization is negligible). In the previous paper 1 , this correlation among neutral ion-pairs and bewteen neutral ion-pairs and charged monomers were addressed by short-ranged δ-function potentials which led to free energy contribution of the form divalent salt concentration will allow the bridging effect to take place. In most of our analysis (only except Section III.G), we assume w to be high enough to render the bridging effect to be negligible. Although we assume w to be zero except in Section III.G, that will imply the 'no-bridging' scenario in which choosing non-zero positive value of w only brings minor quantitative changes to our results. When bridging is included (Section III.G), however, w is a very important parameter affecting the transition salt concentration or Coulomb strength.
A more detailed analysis of the role of multivalent cations in collapsing a polyelectrolyte and the related order of the transition will be presented in a future publication.
III. RESULTS AND DISCUSSION
We can express the total free energy F = F 1 + F 2 + F 3 + F 4 + F 5 in terms of the fraction of condensed counterions and coions (α's), size of the polymer (l 1 ), temperature and bulk dielectric constant (l B ), degree of polymerization (N), monomer density (ρ), monovalent and divalent salt concentrations (c s 's), and local dielectric mismatch parameters (δ and δ 2 ). The goal is to self-consistently determine the fractions of condensed ions (α 1 , α 2 , and α 3 ) and the size (R g = (Nll 1 /6)) that minimize the free energy. It is a simultanous minimization with respect to four variables (α 1 , α 2 , α 3 ,l 1 ) instead of two in the previous paper 1 , and it is best performed numerically. Compared to a neutral system, there are two additional length scales in a charged system. They are the Bjerrum length (l B ) related to the Coulomb interaction and the Debye length (κ −1 ) introduced by screening due to dissociated ions including salt ions. This formalism invokes a third length scale due to the dielectric mismatch parameter δ. Therefore, the important parameters on which we base our analysis are l B , the salt concentrations (c s1 and c s2 ), and δ.
A. Competitive adsorption
We start with an isolated polyelectrolyte at low concentrations and at modest temperatures. In the first observation, the concentration of the divalent salt (c s2 ) is increased from while keeping the concentration of the monovalent salt at zero (c s1 = 0). We have chosen a higher and a lower value of δ = 2.5 and 1.5, respectively. Generally at higher values of δ, fractions of condensed ion species are expected to increase. We notice that [ For the lower value of δ, the original sign of the polyelectrolyte charge (f ) is preserved even at higher divalent salts [ Fig. 3(a) ] with the minimum absolute degree of ionization being around 0.27. Consequently, the size of the chain [ Fig. 3(c) ] remains substantially bigger than the Gaussian value for the entire range of salt cincentration.
B. The chain collapse
In Fig. 3(b) , we have noticed that the polyelectrolyte net charge due to condensation of 1 ], the chain is neutralized only at very low temperatures (there is a factor of two in l B because the Coulomb energy gain for each ion-pair is twofold for divalent ions). At no temperature there is overcharging for δ = 1. There is, however, a drastic qualitative change in the dependencies of f and R g on l B for δ values 2 and above. At a particular temperature T 0 , the chain is neutralized and if T is further reduced, overcharging occurs (and the chain swells). T 0 is higher for higher values of δ as expected (T −1 and δ, both favor higher degree of condensation). The absolute value of maximum overcharge and re-swelled size increase with δ as well. In particular, the reswelled size is larger than the original swelling for δ = 4.0. This is despite the absolute effective charge being lower at the maximal reswelling because, at this point, the Coulomb strength for this large δ value is high enough to have repulsion between monomers stronger than at point of maximal swelling as we increasel B . Another point of note is that for higher temperatures, just as for monovalent counterions, only a fraction of available divalent ions condense. The optimal temperature at which the chain reexpansion is maximum shifts to a higher value with higher values of δ. It might be instructive to note that we increase c s2 in Fig. 3(b) , by fixing the system at the abscissa value of 3 in Fig. 5 and staying on the δ = 2.5 curve. For very low temperatures, sufficient number of negative coions (Cl − ) condense to gradually re-neutralize the chain for all δ values.
To further explore the issue of overcharging, we plot f andl 1 against δ forl B = 3 in Fig. 6 . The other parameters are the same as in Fig. 5 . At room temperature in aqueous solutions, there can be no overcharging unless δ > 1.7. Only for δ as high as 1.7, the dieletric heterogeneity would be strong enough to electrostatically guide enough divalent ions that condense and reverse the charge of the chain. The strong sensitivity of the total charge and conformation of the polymer on δ is manifest in Fig. 6 , in which f decreases from about 93% to zero (and subsequentlyl 1 decreases from about 25 to 1 -the Gaussian value) for δ changing only from 1-1.7. For very high values of δ, Cl − ions condense progressively at higher numbers to reduce overcharging.
D. Condensation of Cl − ions
In a monomer-Ba ++ -Cl − ion-triplet, the colinear arrangement of the three charges, in the same order as written here, is electrostatically the most favorable one. This is true regardless of the strength of δ or the range of the local dielectric constant ǫ l . We assume that all triplets in the system have this specific colinear arrangement in which the line joining the charges is perpendicular to the chain backbone [see Fig. 2 that these two ions are in the local environment of the chain backbone, and consequently, the local dielectic behavior of the polyelectrolyte (i.e., δ) exclusively determines the value of δ 2 .
In this theory, to minimize the number of adjustable parameters, we assume that the sizes of the ions (Ba ++ , Cl − , and Na + ) are of the order of the size l of the monomer. To illustrate that these approximations do not compromise the generality of the problem, we plot the fraction of condensed ions (α 1 , α 2 , α 3 ), degree of ionization (f ), and the size expansion factor (l 1 ) of the polymer as functions of δ 2 . We vary δ 2 from its lowest [Eq. (2.14)] to its highest value [Eq. (2.15)] for a specific value of δ. In Fig. 7(a) , we choose δ = 2.5, for which overcharging is evident forl B = 3.0. Other parameters are: N = 1000,ρ = 0.0005 =c s2 andc s1 = 0. We notice that with increasing δ 2 , progressively larger number of Cl − ions condense on the chain. This reduces overcharging and close to the highest value of δ 2 , overcharging would be marginally eliminated. This result has close resemblance to recent simulations 20 , where it is observed that smaller ion sizes (which leads to effectively higher δ 2 values) reduce the degree of overcharging. In Fig. 7(b) , we choose δ = 1.5, for which there is no overcharging atl B = 3.0. We notice that a change in δ 2 has negligible effect on both f and R g in this case. However, fractions of both condensed divalent counterions and monovalent coions (α 2 and α 3 , respectively) increase with δ 2 , keeping the overall degree of ionization (f ) approximately unaltered.
E. The free energy profile
One of the advantages of our equilibrium adsorption theory is that it is possible to compare the contributions of different factors in the total free energy (F 1 to F 5 ) as functions of the critical parameters. The major conclusion of the theory 1 has been that the equilibrium distribution of counterions and the size of the polyelectrolyte are determined essentially by the competition between the translational entropy of dissociated ions and the Coulomb energy gain of condensed ions. This is indeed borne out by our calculation in the presence of divalent salts too, as shown in Fig. 8 . In Fig. 8(a) , the separate parts of the free energy are plotted against the Bjerrum lengthl B for a fixed divalent salt concentration (c s2 = 0.0005, equal to the monomer density) and for a specific strength of dielectric mismatch (δ = 2.5).
The major contributions to the total free energy come from the translational entropy In Fig. 8(b) , similar free energy components are plotted against δ at the same salt concentration and forl B = 3.0. The curves in (a) and (b) are remarkably similar demonstrating the equivalence of the parameters l B and δ. According to this adsorption theory, reduction of any of temperature, the bulk dielectric constant ǫ or the local dielectric constant ǫ l (near the hydrophobic regions of the chain backbone) by a similar factor would induce very similar effects to polyelectrolyte behaviors. This is especially valid for modest values of l B and δ.
F. The diagrams of charged states
We have proposed earlier a tentative state diagram (Fig. 1) The steepness of the state boundary (the locus of second isoelectric points -the dot-dashed line) implies that the polymer charge becomes zero again (only applicable for δ > 1.7) due to re-dissolution of condensed ions at least an order higher salt concentrations.
The state diagram as a function of l B and c s2 for a fixed value of δ = 2.5 is presented in Fig.   9 (b). The diagram is qualitatively similar to the previous one, although a much higher salt concentration (note the difference in the scale of the coordinate) is needed to reach the line of minimum charge (dashed) and the line of maximum overcharging (dotted) at low values of l B (higher temperatures). In this regime, electrostatics becomes progressively weaker with increasing temperature, and consequently lower fractions of available divalent ions condense.
Regarding this diagram too, the degree of ionization and overcharging (absolute value of f ) can be obtained for the particular value ofl B = 3.0 from Fig. 3(b) .
The state diagram as a function ofl B and δ for a fixed salt concentrationc s2 = 0.0005 (equal to the monomer concentration) is presented in Fig. 10 . One essential characteristic is that the degree of ionization remains steadily at zero (state C1) above a certain value ofl B (i.e., below a certain temperature), because the Coulomb attraction is strong enough to make form the monomer-Ba ++ -Cl − ion-triplet on every monomer location. This critical value of l B (on the lower boundary of the zero charge state -the dot-dot-dashed line) decreases with higher values of δ (higher electrostatic energy gain). The magnitude of the degree of ionization as a function ofl B for fixed values of δ can be obtained in Fig. 5 , and as a function of δ for a fixed value ofl B in Fig. 6 . Both figures can be analyzed in conjunction with this state diagram. One small point worthy of note is that state D, although implying a non-zero degree of ionization of the same sign of the bare polymer charge, has virtually negligible charge in it that can be assumed to be zero.
G. The bridging scenario : a simple theory
In all previous discussion, we did not consider the bridging configuration of nonbonded monovalent monomers by divalent counterions. This ion-bridging phenomenon is electrostatic in nature and can significantly affect polyelectrolyte conformation if present. In this subsection we will give preliminary results of a simple theory based on our model. We assume that a fraction of condensed divalent ions participate in bridging. Therefore, when bridging is included the minimization of the free energy, as it will turn out, is with respect to five variables. Now, the bridge formed by divalent counterion tantamounts to a crosslink junction of functionality four 28 , that in turn can be treated as an attractive two-body interaction of local nature (like two-body excluded volume interaction). Therefore, in the presence of bridging effects due to divalent counterions, w in Eq. (2.19) is replaced by,
where α 2b is the ratio of the number of divalent ions that participate in bridging to the number of monomers (i. e., α 2b = M 2b /N, where M 2b is the total number of divalent ions involved in bridging). E br is the attractive energy associated with one bridge, and hence is negative. To calculate E br , the relevant dielectric constant should be the local one (ǫ l ) since the divalent cation in the monomer-cation-monomer charge complex sits between and in the vicinity of both monomers. With the definition 1 δ = ǫl/ǫd, where the distance between both ion pairs in the complex remains to be d = l (same as other condensed pairs), it turns out that
We must add the third virial term in the chain free energy (F 5 , Eq. (2.19)) to maintain stability in the system in case of a negative w ′ . Combining Eqs. (3.2) and (3.3), therefore, the chain free energy takes the form,
where w 3 is the third-virial coefficient which is necessarily positive. Further we note that if a fraction α 2b of condensed divalent counterions participate in bridging, a fraction α 2a = α 2 − α 2b does not. Therefore, the electrostatic energy related to the formation of monomercation monocomplexes (F 4 , Eq. (2.13)) is modified after the inclusion of bridging interaction as, almost all added divalent counterions condense, but they from monocomplexes (no bridging, Fig. 11(a) ). At a particularc s2 * , which depends on the prevalent physical conditions, all divalent ions suddenly form dicomplexes (bridging) accompanied by a collapse of the chain [ Fig. 11(b) , in whichl 1 ≪ 1 forc s2 > 0.00027] and a huge gain in electrostatic bridging free energy [ Fig. 11(c) ]. The Cl − ions condense as they do for no-bridging scenario only if the divalent salt concentration is lower than the collapse concentrationc s2 * . Above that, Cl − ions become free as every condensed divalent cation is attached to two monomers. The effect of the excluded volume parameter w is evident in Eqs. (3.2) and (3.4) as they show that a higher w will require a higher Coulomb strength or divalent salt concentration to effect the bridging collapse. Until the collapse, the distribution of counterions and the polymer conformations are quite similar to that of the 'no-bridging' cases (see Fig. 3 for example).
This explains our choice of w = 0 for the rest of the article (except for this subsection). In the 'no-bridging' scenario, different positive values of w would only render minor qualitative changes to our results.
We further notice that the collapse concentration,c s2 * , decreases with increasing Coulomb strength [ Fig. 12(a),(b) ] confirming that the first order collapse induced due to ion-bridging by divalent (or multivalent) cations is an electrostatic phenomenon. In addition, Fig. 12(c) shows thatc s2 * roughly varies inversely with both forms of Coulomb strength,l B and δ. This is a remarkable prediction for experimentalists and we findl Bcs2 * ≃ 0.0006 (for δ = 2.5) and δc s2 * ≃ 0.0005 (forl B = 3.0).
In conclusion, our model predicts a bridging transition, which we believe depends sensitively on temperature and dielectric heterogeneity, as well as on the availability of divalent counterions. At this point, we leave the rest of the bridging analysis for future publication.
IV. CONCLUSIONS
We have extended Muthukumar's adsorption theory At room temperature in aqueous solutions (l B ∼ 7Å), the adsorption theory predicts that the ratio of the bulk to local dielectric constant must be at least 1.7 to overcharge the polyelectrolyte.
It can be conceived that there are three length scales involved in the polyelectrolyte system analyzed by this adsorption theory. They are, the Bjerrum length l B (representing the equilibrium temperature T of a solution with bulk dielectric constant ǫ), the Debye length κ −1 (representing the salt concentration c si ), and the third one related to the strength of the dielectric heterogeneity in the vicinity of the polyelectrolyte backbone (δ). We have developed the diagrams of charged states of the polymer in terms of these three variables.
Both higher δ (lower ratio of local to bulk ǫ) and l B (lower temperature or bulk ǫ) facilitate ion condensation of all types. Consequently, the isoelectric point (charge neutralization) and subsequent charge inversion are achieved at lower temperatures for higher δ and vice versa.
The absolute value of the maximum charge reversal and simultaneous maximal reswelling increase with δ. For a minimal dielectric mismatch (δ ∼ 1), no overcharging is predicted for any temperature. This limit is the closest comparable to the simulations and it explains why in some simulations overcharging is never observed 28 .
For moderate values of δ (≥ 2), maximal overcharging and reswelling occurs at intermedi- Other parameters, states, and lines are the same as in (a). 
